ISSN 1061-9208, Russian Journal of Mathematical Physics, Vol. 23, No. 1, 2016, pp. 124-1534. @ Pleiades Publishing, Ltd., 2016.

New Forms of the Cauchy Operator

and Some of Their Applications
H. M. Srivastava* and M. A. Abdlhusein**

*Department of Mathematics and Statistics, University of Victoria,
Victoria, British Columbia V8W 3R/, Canada
and
China Medical University,
Taichung 40402, Taiwan, Republic of China
FE-Mail: harimsri@math.uvic.ca
**Department of Mathematics, College of Education for Pure Sciences,
Thi-Qar University, Thi-Qar, Iraq
E-Mazl: mmhd122@yahoo. com

Received April 1, 2015

Abstract. In this paper, we first construct the Cauchy g¢-shift operator T'(a, b; Dyy) and the
Cauchy g-difference operator L(a, b; 0zy). We then apply these operators in order to represent
and investigate some new families of g-polynomials which are defined in this paper. We derive
some g-identities such as generating functions, symmetry properties and Rogers-type formulas
for these g-polynomials. We also give an application for the g-exponential operator R(bDy).
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1. INTRODUCTION AND NOTATION

We begin our investigation by reviewing some common notation and terminology for basic (or ¢-)
hypergeometric series in (for example) [15, 22] (see also [23, 24]). We assume that the parameter
q is a fixed nonzero real or complex number and |q| < 1. The ¢-shifted factorial is defined for any
real or complex parameter a by

Ngo=1 and  (XN@)n=01-A)1 =) --(1-A""") (neN) (1.1)

and -
(M@)o = [T =AY,
k=0
where N denotes the set of positive integers,
A @)oo
(A @)n = (/\(qn_)q) and (A @)ntk = (X @)k (A" ) (1.2)

We also adopt the following notation for the products of several g-shifted factorials:

()\17)\27 cee 7)‘m;q>n = (AI;Q)TL()\%Q)n tot (/\mSQ)n

and
A2, A @)oo = (M3 0) 00 (A25 @)oo+ (A3 @) oo

The g-binomial coefficient is defined by

H il D

The basic (or ¢-) hypergeometric series ,®g is defined by (see, for example, [22, p. 347 et seq.]

™ - (a17' . 7a7‘;q)n (") I4s—r
q, x| = —1)"q\2 ", 1.3
bi,. .., bs; ] Z@abh---?bs;q)n [( ) } 43
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provided that the series converges.

Basic (or ¢-) hypergeometric series and various associated families of g-polynomials are useful in
a wide variety of fields including, for example, the theory of partitions, number theory, combina-
torial analysis, finite vector spaces, Lie theory, particle physics, non-linear electric circuit theory,
mechanical engineering, theory of heat conduction, quantum mechanics, cosmology, and statistics
(see [22, pp. 346-351] and the references cited therein).

Recently, by comparing two known g¢-series identities, Abdlhusein [1] derived the following im-
portant ¢-hypergeometric transformation between 1®; and o®; [see also Eq. (2.7) below]:

191

zt; ]_ (2t Y5 @)oo g [y/"?’o?
- T, N 2¥1

q,ys

q,xt] (lxt] < 1). (1.4)
yt;

An analogous g-hypergeometric transformation between 191 and o®; can be derived by applying
the following known results (see, for example, [22, p. 348]):

5, [a, b; . Z] _ (¢/b;q) 00 (b259) 00 ,®, [abz/c’ b; q,c/b] (1.5)

¢ (C; Q)oo(z;q)oo bz;

and

a, b; .
) Y (IZ, 0o
2P g,z = & 2P
¢ (25 @)oo

a,c/b;
/ q; bz] : (1.6)

c,az;

Indeed, if we first apply (1.5) to the left-hand side of (1.6) and then set @ = 0 in the resulting
equation, we readily find that

c/b; ¢/b: @)oo (b2: @) e b, 0;
lq)l[ q,bz]_“’q)( e g bs|
c; (¢5 @)oo bz;

which, upon first setting ¢ = abz and then letting a = z, b = y and z = ¢, yields the following
analogue of the ¢-hypergeometric transformation (1.4):

xt; . . 1y, 0;
) Tt q) oo (Y5 ) o »
191 q,yt| = (t:0) _(y 7 2Py q,yt| . (1.7)
The Cauchy identity is given by
§ : (a; Q)k l‘k — (ax;Q)oo (‘CL‘| < 1) (18)
PR UL (%3 ¢)oo

Putting a = 0, (1.8) becomes Euler’s identity:

= gk 1
Z:: T (Jz| < 1). (1.9)

perll U2 (%3 @)oo

The inverse of Euler’s identity (1.9) is given by

o k

Z(—l)’“q(g) T = (0)- (1.10)

k=0
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126 SRIVASTAVA AND ABDLHUSEIN
The Cauchy polynomials p,,(x,y) are defined by
pal@,y) = (@ —y)(@ —qy) - (z = ¢"'y) = (y/2;0)n "™ (1.11)

these polynomials satisfy the following generating function [9]:

N " Whde
;pn(x,y) o g (et <D, (1.12)
where (see [9])
pulz,y) = (—1)"¢p, (y,¢' ). (1.13)

The generalized Rogers—Szegé polynomials r,(x,y) are defined as follows (see [14, 17]):

o) =3 [H] et = 1D ) (114)

k=0

where the g-exponential operator T'(AD,) is defined by (see [11])

T(AD,) := i (AD

D
2 (i) (19)

The bivariate Rogers—Szegé polynomials h,(x,y|q) are defined by (see [18])
" [n
Ry, (1, = Q) "k, 1.16
(z,ylq) kzo M (y: 0w (1.16)

The generating function and Rogers-type formula for the bivariate Rogers—Szegdé polynomials
hn(x,y|q) are given as follows (see [1, 9, 18]):

> o) (o = D (e ot} < 1) (117)
n=0 ’ n ’ ? o0

and

— s™ ot (y; @)oo Y os;
Z Zthrm(:c,y\q) G T = (5.2, 21:q) 2@y q,t (1.18)

= 4 q)n

(max{|s|, [¢], [xs], |zt[} < 1).

The main object of this paper is first to construct the Cauchy g¢-shift operator T'(a, b; D,,) and
the Cauchy g¢-difference operator L(a, b; 0, ). These operators are then applied in order to represent
and investigate some new families of g-polynomials which are defined in this paper. We derive some
g-identities such as generating functions, symmetry properties and Rogers-type formulas for these
g-polynomials. We also give an application for the g-exponential operator R(bD,). Some closely-
related earlier works on the general subject of our investigation include (for example) [4-6, 20, 21].
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NEW FORMS OF THE CAUCHY OPERATOR 127

2. AN APPLICATION OF THE ¢-EXPONENTIAL OPERATOR R(bD,)

In this section, we introduce a new g-polynomial V,,(z,y,b|q) and represent it by means of the
g-exponential operator R(bD,) in order to derive its generating function, symmetry property and
Rogers-type formula, where the operator R(bD,) acts on the bivariate Rogers—Szegd polynomials
hn(x,y|q) defined by (1.16).

Saad and Sukhi [19] introduced the following g-exponential operator:

ROD,) = 3 (~1)5q(6) PP (2.1)

= (¢: )k

together with its following operational rules by assuming that the operator acts on the parameter a:

R(qu) {an} = pn(av b)a (22)
1 (bt; ) oo
R(bD = , 2.3
(bD4) { (at; Q)oo} (at; q)oo (23)
1 bs: o as;
R(qu){ } _ (bsiq) 191 q,bt|, (2.4)
(at,as;q)0c | (at,as;q)s bs;
@) bs: @)oe v/t,b/a;
R(qu){ (av; q) }: (05 oo g, g,at| . (2.5)
(at7 as; Q)oo (as; Q)OO bs;
Setting v = 0 in (2.5), we get the following new operational réle for the g-exponential operator:
1 bs: 0o b/a, 07
R(qu){ } = (bs:q) 2@ g,at| . (2.6)
(a’t’ as; Q)oo (CLS; Q)OO bs;
By comparing our identity (2.6) and the identity (2.4), we get the following transformation:
as; b/a,0;
191 q, bt| = (Gt, Q)oo 2®1 q,at| , (27)
bs; bs;

which, in view of the symmetry in (2.4), is essentially the same as the ¢-hypergeometric transfor-
mation (1.4).
We now define a new family of ¢-polynomials as follows.

Definition 1. Let the ¢-shifted factorial and the Cauchy polynomials be defined as above. Then
we define the g-polynomials V,,(z,y,blq) by

Vot =3 || G5t (2.)
k=0

We notice that, when b = 0, the definition (2.8) reduces to the definition (1.16) of the bivariate
Rogers—Szegé polynomials h,(x,y|q).

The g-polynomials V,,(x,y,b|q) defined by (2.8) can be represented by using the g-exponential
operator R(bD,) as in Theorem 1 below.

Theorem 1. Suppose that the operator R(bDy) acts on the variable x, Then
R(bDg){hn(z,ylq)} = Va(z,y,blq). (2.9)

Proof. We observe that
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 23 No. 1 2016



128 SRIVASTAVA AND ABDLHUSEIN

<mwammmm»=mum{2jﬂm@w%ﬁ=§jM< D BOD,) {2 )

k=0 k=0
n

n
—Z[qume > [ st n = Voo
which completes the proof of Theorem 1.

The generating function of the polynomials V,,(x,y,b|q) will be derived by using our represen-
tation (2.9) and the identity (2.3) of the g-exponential operator R(bD,) as follows.

Theorem 2. [Generating Function for V,,(z,y,blq)]. The g-polynomials V,,(z,y,b|q) are gener-
ated by

S Vaen i) g = g et < 1) (2.10)

Proof. It is easﬂy seen that

tn = t"
ZV 9, bla) T ;Rz(qu){hn(xva)}(q;q)n = R.(bD,) {nzohn(f’?»MQ) (q;q)n}

(¥t @)oo } (Yt @)oo { 1 } (yt, bt; ) oo
= R..(bD { = R, (bD = )
P\ 1 ats ) oo P Gt ) (t, 2t ¢)oo
which proves the generating function (2.10) asserted by Theorem 2.

Theorem 3. [Symmetry Property for V,,(z,vy, b|q)] The following identity holds:
Va2, y,blq) = Vi (2,0, ylq). (2.11)

Proof. From the generating function (2.10), we have

bt @)oo _ (M@)o (W@ _ o~ 050 t™ o (/25 9)k (21)*
S ety = WV (0 0 _ SN (50" §N (/e (50
= (@Dn  Gatig)e  (Bd)eo (@@ = (G0)n = (GOk

Now, setting n — n — k and comparing the coefficients of ¢" on both sides, we get the required
identity.

Theorem 4. [Rogers-Type Formula for V,,(z,y, b|q)]. The following double-series identity holds:

t" (ys,bt; q) oo (y;q kt"“ b/z,0;
m-+n 7b -
2 3 Vo) o i = e Zyw, "

m=0n=0 (q,Q)
(max{|s], [t], |zs|, |zt|} <1).

q,msqk] (2.12)
bt;

Proof We observe that

Z va—i-n x yvb’L.Z) (

m=0n=0

tn

n=0 m=0

’I”n tﬂ B M y’ ggs;
{nz;)mzzohern #vl4) (@ Dm (a9 n}_Rx(qu) { (s,z8,2t;q) oo 2®1 ( ys: qvt)}
=mwm{@wﬁ i%wmﬁ}wwhi@mmRM%%(l}

(s, s, at; Q)ook_o (¥, a: Q)r CH e A 2R xt, 254%; q)oc

~—

S7q)oo Z k 7q)00 Qq)l q,msqk
(55¢)00 (Y8, ¢ Ok (7t5q) 00 bt:

_ ys bt; q) o Z (y; q kt"? b/z,0; "
(5,25 ¢) oo (ys,q;q bt: ’

which ev1dently Completes the proof of Theorem 4.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 23 No. 1 2016



NEW FORMS OF THE CAUCHY OPERATOR 129

3. THE CAUCHY ¢-SHIFT OPERATOR T(a,b; Dy,)

In this section, we introduce the Cauchy g¢-shift operator T'(a,b; Dy, ). Then, by means of the
operator T'(a,b; Dy, ), we define new g-polynomials M, (a,b,z,y|q) and represent them in terms
of the Cauchy g¢-shift operator in order to derive their generating function. We also derive an
identity for the g-exponential operator T'(bD,) and use it to give the Rogers-type formula for the
g-polynomials M, (a,b,x,y|q).

Chen et al. [9] introduced the homogeneous ¢-difference operator D, on functions in the two

variables x and y, which turns out to be suitable for dealing with the bivariate Rogers—Szegd
polynomials h,(z,y|q) defined by (1.16) as exhibited below:

Doy {fay)} = L D=0 ) (3.1)

where (see [9])

k _ (@9 . an kW@ |k W 9o
Dy {pn(z,y)} = @ Pn—r(z,y) d ny{(xt;q)oo} t g (3.2)

Using the g-difference operator Dy, we define the Cauchy g¢-shift operator T'(a, b; D, ) as follows.
Definition 2. The Cauchy g¢-shift operator T'(a, b; D, ) is defined by

T(a,b; Dyy) = Z:O W. (3.3)

Theorem 5. It is asserted that

(yt; q) oo (abt, yt; q) oo
T(a,b; D, = bt| < 1). 4
(0.6 D) { 0o = I (<) (3.4
Proof. We readily see that
Ut oo | s (@5 Q) yt; 4) oo )oo o abt, yt; ¢) oo
70,5 Dyy) { L5000 o e[ W0 |00 o = (s Do,
(@t @)oo} £= (0 0)k (2t ) oo xt $0)oo i1 (q (bt, t; ¢) oo

which completes the proof of Theorem 5.

Definition 3. In terms of the g-shifted factorial and the Cauchy polynomials p, (x,y) defined
by (1.11), we write
Myasbzpl) = - [} @)t o) (55)

k=0

Theorem 6. [Operator Representation for M, (a,b,z,y|q)]. The following operational formula
holds:

T(a,b; Dyy) {pn(z,y)} = My(a,b,z,ylq). (3.6)
Proof. We have
T(a,b: Day) (ol )} = S0 EDP)T ) (g

— (G

n

(
(CL, )k (Q7 Q)
q)

(@ Dk (@G Dn—k

b pnfk(xa y) = Mn(au b7 €, y‘Q))
which proves Theorem 6.
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130 SRIVASTAVA AND ABDLHUSEIN

Theorem 7. [Generating Function for M,,(a,b, z,y|q)]. The following generating function holds:
oo
tm abt, yt; q
ZMn(a, b,x,y|q) = ( )OO

= max{ |bt|, |zt|} < 1). 3.7
= (Ga)n (b, 7tq)00 (masct[of], fotl} < 1) 3.7
Proof. We observe that
iMn(a,b,a:,y\q) r :iT(avb;ny){pn(x7y)} - :T(aub;ny) Oopn(xay> r
— () — (4 9)n vt (4 @)n
1;q) o bt, yt; q)oo
— T(a,b; Dyy) (Wt @)oo | _ (abt,yt; q) 7
(t; @)oo (bt, 25 q) o

which evidently completes the proof of Theorem 7.

We now derive the identity (3.10) below for the g-exponential operator T'(bD,) which will be
used later in order to derive a Rogers-type formula for the g-polynomials M, (a,b, z,y|q). We first
notice the following identity (see [13]):

k

D} {07 0)s0} = (1) 0 (a20"; ) ="
In this connection, we recall the following known result (see [16]):

v/t,as, aw;

(av; q)oo (av, absw; q) oo
(bDq) { (as,at, aw; q) o (as, at, aw, bs,bw; q) 372

q, bt] (3.8)

av, absw;

(max{|as|, |at], |aw], [bs], [bt], [bw[} < 1),

which, for w — 0, yields the following identity needed in the proof of Theorem 8 below:

v/t as;
g, bt (3.9)

av;

T(qu){ (av; @)oo }:( (@000 &

(as,at; @)oo as, at, bs; q)oo

(max{as|, |at], [bs], [bt|} < 1).

Theorem 8. The following operational formula holds:

r(apy {@nzie ] _(awiazig)s g% (-1 g (at: awig), (d2)*
T (at,awiq)o - (at, aw, dw;q)oc (a2, av; Q)k(q; @)
v/t, awg";
q,dt

avg®;

(3.10)

X o®q

(max{|dt|, |dw|, |at|, |aw|} < 1).
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Proof. It is easily seen that

T ()

=3 e

L [ o (i)
:g@i qu(k )H a2 ez DZ_k{(at;Z?Zqug:)w}
S e s oy { )

- i i ﬂq_nk(—l)kq(g)zk(azqk; q) oo Dg { (‘qu; 7)oo }

== (@ On(@ Ok (atq”, awg*; q)oo

2 (—1Vea(5) (dn)k & —ky \n ava®:
:(az;q>ooz( 1)%q\* (d2) Z(dq Dy) {( (avq"; @)oo }

= (az: )k (q; Qn (¢ 0)n atq®, awg; )

> (—1)*¢(2) (dz avg”:
= (a2:¢) oo Z ()(d)T(dq_qu){ (avq"; q)oo }

— (az;q)r(g;q) (atq®, awgk; q)o

n=0

= (—1)kq(3) (dz)* (avq"®; @)

Qq)l
(az; k(@ @) (atg®, awg”, dw; q) oo

= (a2;¢)o

v/t, awg®;
q,dt
k= avg®;

0

R N N VS T L i R

= . . . 2®1 7dt ’
(ataaw7dwaq)oo (CLZ, aan)k(Qa Q)k Cwq 3

k=0
which proves the operational formula (3.10) asserted by Theorem 8.

Theorem 9. [Rogers-Type Formula for M, (a,b,z,y|q)]. The following Rogers-type formula
holds for the q-polynomials M, (a,b,z,y|q) :

TI’L tn

Zsz—i—nabxy‘Q)( )

m=0n=0

(@ On

_ Wi(—l)kq@ (s, 25 )i (wD)* o [“’“qk; " bt] (3.11)

(bs, xs, xt; q) oo P (abs,ys,q;q)k absq’f;
(max{|bs], [bt], |zs|, |at|} < 1).

I‘g@f m gm—n

ZZM (0. .000) (s

m=0n=0 =0m=n n

- = = a T nsm—n (q7 q)m — n ,m— an(a b xz y’q)
- ;OT;M’”( R T e ngzo{ Jers @O
N, (o) Mim(a,b qu M, (a,b, =, ylq)

— mZ::O m (s, 1) @4 Z T(tD,) T (3.12)
_ - Wbz s (abs, ys; q)oo

=T(tDy) {mZOMm( 5,73/4) (¢; Q)m} _T(th){ (bs, 255 q)so }
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132 SRIVASTAVA AND ABDLHUSEIN

The proof of assertion (3.11) of Theorem 9 will be completed when we evaluate the last expression
in (3.12) by applying the g-identity (3.10) after setting d — t, a +— s, v — ab, z — y, t — b, and
w — z in (3.10).

4. THE CAUCHY ¢-DIFFERENCE OPERATOR L(a, b; 0,)

In this section, we introduce the Cauchy g¢-difference operator L(a, b; 6., ) and use it to define the
new ¢-polynomials N, (a,b,z,y|q). We then represent the g-polynomials N, (a,b,z,y|q) by means
of the Cauchy ¢-difference operator and thereby derive their generating function. We also apply
an identity involving the g-exponential operator T'(bD,) to prove the Rogers-type formula for
Np(a,b,2,yq).

Saad and Sukhi [18] introduced another g-difference operator 6, for functions of two variables
as follows.

Definition 4. The g¢-difference operator 8, is defined by

O )} = 0oy Dy ()} = L2 =T 00), (4.1)

where (see [18])

Oty (a0} = (-0 (0 ) ana o, {0 o (D (0

We now define the homogeneous Cauchy g-shift operator as follows.

Definition 5. The homogeneous Cauchy q-shift operator L(a,b;0,,) is defined by

(@3 9)n (b02y)"
L(a,b;0,,) = —_— 4.3
( v) 7;) (4 @)n (43)
Theorem 10. The following operational formula holds:
(2t; q)oo } (wt, —abt; q)o
L(a,b;0, = bt| < 1). 4.4
( v) { (¥t q)oo Wt bhge A< 44

Proof. We observe that

, (2t 9)00 |~ (a5 )5 bF k[ (@t ¢)o
L(a’b’emy){(yt;q)m}z (¢;9)k (Oy) {(yt'q) }

k=0
fvtqooz Qka gy = (Zh b do
Wt a)oe = (434 (yt, —bt; q)oo

which prove the operational formula (4.4) asserted by Theorem 10.

Definition 6. The ¢g-polynomials N, (a,b, z,y|q) are defined by

n

Na(a,b,z,ylq) =Y _(=1)"* m (a5 @)n—1 0" * pr(y, ). (4.5)

k=0

Theorem 11. [Operator Representation for N, (a,b,z,y|q)]. It is asserted that
L(a, b; 0zy) {pn(y, 2)} = Nn(a; b, 2, ylq). (4.6)

Proof. We observe that

(@ @) 0" (0)* = SR @RV (@) N
£ 038 ) {paly 2)} = Z Gor o )}‘;f D  Gor @ 0

= (=", [(a;@)x b" pn_i(y, 2),
kZ:;J [kz] q)k 0 Pn—k\Y

which, upon setting k — n — k, yields the right-hand side of the assertion (4.6) of Theorem 11.
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Theorem 12. [Generating Function for N,,(a, b, z,y|q)]. The following generating function holds
for the q-polynomials for Ny (a,b,x,y|q) :

_ (Zt, _abt; Q)oo
(G Dn (Y, =0t @)

> Nula bz, ylq) (max{[bt], |yt]} <1). (4.7)
n=0

Proof. It is readily seen that

" > "
(Q;Q)n :T;)L(avb’ gxy) {pn(yax)} . CL b 990!/ {an y? q ) }

Z Nn(a7 b7 x, y’q)
n=0

(@D
_ . (.Tt; Q)oo . (xt, —abt; Q)oo
= L(a.b:) { (yt: @)oo }_ (yt, —bt; @)oo

Theorem 13. [Rogers-Type Formula for N, (a,b,z,y|q)]. The following Rogers-type formula
holds for the g-polynomials N, (a,b, x,y|q) :

n (75, —abs; q)oo
Nonin(a, b, -
3 3 Nosalosbe) o =

= /. —bsa®
S (1)gs) rbsia(Cabt 2@1[ Jy, ~bsq"; q’yt]

= (ws, —abs, ¢; q)x s

m=0n=0

(4.8)

(max{|bs|, [bt], |ys], [yt|} <1).

Proof. We observe that

Z ZNern CL b x y"])
m=0

— (4 Dm

m gm—n
S

ZZN abxy!q)(

n=0m=n

ziizvmmy,q)tnmn ‘ (.q;@m' ii[ ]tn e Non(a,b.2.3lq)

n=0m=n (@ D% Dn( Dm—n == (¢ Dm
N (a,b, 2, ylq) Nm(a b, z,ylq)

= Tm(8,t) —— " T(tD,) Smi o I 4.9
E:O <q )m Z ) (¢ @)m (4.9)

st (ws, —abs; @)oo
Dy) {H;Nm(a,b,x,y@ (q;q)m} = T(th){ T }

The proof of assertion (4.8) of Theorem 13 will be completed when we evaluate the last expression
in (4.9) by applying the g-identity (3.10) after setting d — t, a — s, v +— x, z — —ab, t — y, and
w — —b in (3.10).
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