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Some Modified Types of Pitchfork Domination and Its Inverse

Mohammed A. Abdlhusein and Manal N. Al-Harere

ABSTRACT: Let G be a finite, simple graph, without isolated vertices. For any non-negative integers x and
y, a set D C V is a ”pitchfork dominating set pds”, when every vertex in D, dominates at most y and at least
x vertices of V — D. A subset D~1 of V — D is an inverse pds if it is a pitchfork set. The pitchfork domination
number of G, v, ¢ (G), is the number of elements of a smallest pds. The ”inverse pitchfork domination number”
of G, 'y;fl (G), is the number of elements of a smallest inverse pds. In this paper, some modified pitchfork
dominations and its inverse dominations are introduced when z = 1 and y = 2. Several bounds and properties
are given and proved. Then, these modified dominations are applied on some standard graphs such as: path,
cycle, wheel, complete, complete bipartite graph and their complements.
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1. Introduction

Let G be a graph with V vertex set of order n and F edge set of size m. The degree of any vertex v in
G is denoted by deg(v) and defined as the number of edges incident on v. An isolated vertex is a vertex
of degree 0, a leaf is a vertex of degree 1. The vertex that is adjacent to the leaf is said a support vertex.
A(G) and 6(G) are respectively the maximum and minimum degrees in G. N(t) = {r € V|tr € E} is the
open neighborhood of ¢, while closed neighborhood of it, is N[¢t] = N(¢) U {¢t}. The induced subgraph of
a subset vertex M of V and the edges between them is G[M]. G is the complement of a simple graph
G it is a graph with the same vertices of G, such that there is an edge between any two vertices in G if
and only if there is no edge in G between them. See [10] for theoretic terminology and basic conceptus
of graph. In graph theory, one of the fastest growing areas is the study of related subset problems of
dominating sets, see [11,12,13]. In G , a set D of V is said a dominating set if every vertex out it, is
adjacent to one vertex or more of it, such that N[D] equals V. Furthermore, D is said to be a minimal
dominating set, if it has no proper dominating subset. v(G) is the domination number(the cardinality of
the minimum dominating set D of G.) Ore [18] is the one who introduced the concepts of domination
number and dominating sets. According to the purpose used for and the importance of the concept in
many applications, carry to the evolution of variant kinds of domination, see [2,3,5,6,7,8,9,14,15,16,17].
A new type of domination said ”pitchfork domination“ and its inverse are introduced by Al-Harere and
Abdlhusein [1,4]. In this paper, these new types of domination are modified by adding new conditions
on the graph. The independent pitchfork domination, inverse independent pitchfork domination, an
annihilator pitchfork domination and an inverse annihilator pitchfork domination are defined and applied
here.

Theorem 1.1. [/] For any G = (n,m) with pds, we have:

n

75 (G) <m < <2> + 754 (G) + (2 =) 7,4 (G)
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10 M. A. ABDLHUSEIN AND M. N. AL-HARERE

Theorem 1.2. [j] Let D be a pitchfork dominating set of a graph G, then D is a minimal if one of the
following conditions holds:

a. | N(w)yNV —-D|=2 NYweD.

b. [IN(z)ND|=1,YzeV — D .

c. G[ D] has no edges.

d. D has only support vertices.

e. D has only end vertices.

Theorem 1.3. [1] Let G be graph with v, ,(G) and W;J}(G), Then, v,(G) + W;fl(G) =n if G satisfy
one condition of:

1- G[V — D] is a null graph.

2- For any two vertices vy, va € V. — D, Np[v1] N Nplua] = ¢.

8- For every v € V. — D, if the vertices that dominate v are dominate another vertices, then v is isolated
in G[V — D] or adjacent to a vertex in V — D that is dominated by exactly two vertices.

Note 1. [1] For any graph G of order n and pitchfork domination number v, ;, if v,;(G) > 5. Then,
G without inverse pds.

Remark 1.4. [//: For P, and C,,, we have:
Loypp(Bn) =v(Pn) = [5].
2. Ypp(Cn) =7(Cn) = [3].
Theorem 1.5. [1] The cycle graph Cy; (n > 3) has an inverse pitchfork domination such that:
Yot (Cn) = 71 (Cn) = [5].
Theorem 1.6. [1] The path graph P,; (n > 2) has an inverse pitchfork domination such that:

’)’;fl(Pn) :{ 241 if n=0(mod3)

[%] if n=1,2(mod3)
where A/;fl (Py) =1.
Proposition 1.7. [4] Forn >3, v,;(K,) =n—2 .

Proposition 1.8. [1] The complete graph K, has an inverse pitchfork domination if and only if n = 3,4
and ’y;fl (K,)=n-—2.

Theorem 1.9. [/] Let G be a wheel graph W,, where n > 3, then:

_J 2[31 -1, ifn=1(mod4)
Vpf(Wa) = { 20417, otherwise

Theorem 1.10. [1] The wheel graph W,; (n > 3) has an inverse pitchfork domination if and only if
n =0 (mod4) or n =3 where 'ygfl(Wn) =2[4].

Theorem 1.11. [1] The complete bipartite graph K, ., has an inverse pitchfork domination if and only
if Kpom = K1,2,Ka,2,K2 3,K2 4,K3 3, K3 4 or Ky 4 such that:

1 . 2 fOT' KLQ
%f(K"vm)_{ n+m—4ifn,m=23,4

2. The Independent Pitchfork Domination

The independent pitchfork domination and the inverse independent pitchfork domination are defined
here. Their bounds and properties are discussed and applied on some known graphs.

Definition 2.1. Let G be a simple graph has no isolated vertices. A set D, is an independent pds if, D
is a pds of G such that G[D] has no edges. An independent pds is said minimal, if it has no independent
pds as a subset.
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SOME MODIFIED TYPES OF PITCHFORK DOMINATION AND ITS INVERSE 11

Definition 2.2. The minimum independent pds D denoted by ’y;f—set, 1s the smallest minimal indepen-
dent pds of G. The independent pitchfork domination number ’y;f(G), is the order of the Wéf—set,

Definition 2.3. Let G = (V,E) be a graph with ’y;f—set D. A subset D™' C V — D is an inverse

independent pds if it is a pds of G and G[D™!] has no edges. A set D=1 is said minimal inverse pds, if
it has no independent pds as a subset.

Definition 2.4. The minimum inverse independent pds D~ denoted by 'y;;—set, is the smallest minimal
inverse independent pds of G. The inverse independent pitchfork domination number ’y;;(G), is the order
of the V;fi—set.

Example 2.5. In the path graph Py of a vertex set {vy, va, v3, va}, if D = {va, va}, {v1, va} or {v1, v3},
then it is an independent pds. While if D = {va, v3}, then D is a pds but not independent.

Remark 2.6. Let G be a graph has ’y;f—set D, then:
1. [V(G)| > 2.
2. 95:(G) > 1.
3. deg(v) <2 for everyv € D.
4. If deg(v) > 3, then v is neither in D nor in D=1,
5. 7ir(C) = 1y (Co) = T21.

6. ’Y;ﬁ;f(Pn) = 'fo(Pn) = (%1
Theorem 2.7. Let G = (n,m) be a graph with independent pitchfork domination, then:

7€) S s (3) + 506 + 56— 203,

Proof. Let D be the v .~ set in G, then:
Case 1: Let G[V — D] be a null subgraph to be G has as few edges as possible since G[D] has no edges.
Between every vertex of D to V — D, there exist one edge at least. Then, there is |D| = W;f (G) number

of edges between D and V — D. Thus, 'y;',f(G) <m.
Case 2: Suppose that G[V — D] be a complete subgraph having a maximum number of edges. Let m;
be the number of edges of G[V — D], then:

_W=D|Vv-D-1 _ (=)0, 1)
2 2

mi

Between every vertex of D to V — D, there exist two edges at most. Then, there is mgy = 2|D| = 27;f(G).
Thus, the sum of edges in G is m1 +ma < (3) + 5(v5,(G)* + 5(5 — 2n) ) ;(G). O

Theorem 2.8. Let G = (n,m) be a graph with an inverse independent pitchfork domination, if D=1 =
V — D, then: 4 4
17HG) < m < 2971(G).

Proof. Let D be a ! —set of G and D~" be a *y;;—set of G. Since D~ ! is a vgf—set of G, then G[D] is a
null graph. On other hand, since D! is ng—set of G, then G[D~1] is a null graph where D~' =V — D.
Hence, the sizes of G[D] and G[V — D] are zeros. Therefore, the upper and lower bounds are affected by
only the number of edges between D! and D as follows:

Case 1: Suppose that from every v € D~ there is one edge (at least) to set D. Thus, m > |D~
71 (@).

Case 2: Suppose that there are two edges (at most) from every v € D~! to D. Thus, m < 2|D~
27,1 (G). O

1=

1 =
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12 M. A. ABDLHUSEIN AND M. N. AL-HARERE

Theorem 2.9. Let G = (n,m) be a graph with an inverse independent pitchfork domination number
¥,/ (G) andD™! be a v, —set D' If D' 4V — D. Then:

. n—n~t, — -1 . .
n—v;f<m<( b’ 7”)+2vp;+v;f

Proof. Since D™!' #V — D, let V—D = D' UT where D' N T = ¢, then |T| = |V|—|D| - |[D~!| =
n— 'y;f =, where V(G) = DU D='UT. Since D is ’y;f—set, then G[D] is a null graph by definition
of independent pitchfork domination. Also, since D™ is a W;fi—set, then G[D~!] is a null graph. Hence,

G[D] and G[D~1] are nulls.
Case 1: Let G[T] is a null graph. From every v € D' there is at least one edge to D UT (say my).
Then, m; = 7,;(G). So that from every vertex in T' there is one edge to set D (say m2). Therefore,

mo=|T|=n-— WZf - ’Y;fl Hence, m = mq +my = ’y;;(G) 41 = 'y;f(G) - W;}(G) =n-— W;f(G). Then,
in general m > n — v, +(G).

Case 2: Let G[T] is a complete subgraph. Let m; be the number of edges in G[T'] which equals to
(”77;’577;;). Suppose that there are at most two edges from every vertex in D~! to both D and T such

that the number of edges between D! and DUT ismg =2 |D~ 1| =2 A/;;(G) So that, there is at most |D|
edges from D to T such that there is exactly one edge from every vertex in D to T' ( if there exist v € D with
two edges with T', then v is not dominated by D~ since it has no neighbor in D). Then, the number of

edges between D and T say m3 equals |[D| = 77 .. Hence, m = mz+ma+ms < ("_VLQ_VI:;) + 27;; +95 -
O

Remark 2.10. Let G = (n,m) 4be a gmph with an independent pitchfork domination. Then:
YG) £ 7pp(G) £ 7,4(G) and 7'(G) < 7,,4(G).

Theorem 2.11. Let G = (n,m) be a graph with an independent pitchfork domination. Then every
independent pds D, is a minimal independent pds.

Proof. By condition 3 of Theorem (1.2) , G[D] is a null graph. O

Proposition 2.12. For W,,, K,, and K, ,, graphs, we have:

1- The wheel graph W,, has no independent pitchfork domination.

2- The complete graph K,, has no independent pitchfork domination.

3- The complete bipartite graph K, ., has an independent pitchfork domination if and only if n < 2 such

that:
4 = ’ypf(K"ﬂn)a if n,m <2
7oy (Knm) { m, ifn=2Am>2

Proof. Since the induced subgraph of any pitchfork dominating set in W,, and in K, has an edges. So
that in K, ,,, for n > 3. O

Remark 2.13. Let G = C,, P,, W,,, K,, and K,, ., then we have:
1. 7,7 (Cn) = 7, (C).

Vo (Pa) = (o).

W,, has no inverse independent pitchfork domination for all n.

K, has no inverse independent pitchfork domination for all n.

AR R

Ky.m has an inverse independent pitchfork domination if and only if n, m = 1, 2 where 7;; (Knm) =
Vot Enm)-
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SOME MODIFIED TYPES OF PITCHFORK DOMINATION AND ITS INVERSE 13

Proposition 2.14. Let C,, be a cycle graph, then: o

1. Cy, has an independent pitchfork domination if and only if n = 4, 5 such that ’y;f(Cn) =2.

2. C'y, has an inverse independent pitchfork domination if and only if n =4, 5 such that 7;;(Cn) =2.
3. 9,1 (Cn) +7,7(Cn) = n if and only if n = 4.

Proof. 1t is clear, for n = 3,4, 5. If n > 6, then C,, has no independent pitchfork dominating set.
Since any independent dominating set has one or more vertices dominates more than two vertices. Any
pitchfork dominating set has at least one edge between two of it’s vertices. O

Proposition 2.15. Let P, be a path, then:

1. P, has an independent pitchfork domination if and only if n =4, 5 where ’y;f(ﬁn) =2.

2. P, has an inverse independent pitchfork domination if and only if n = 4 where 7;; (Py) = 2.
3 Vs (Pn) + 7,/ (Pn) = n if and only if n = 4.

Proof. Similar to proof of Proposition (2.14). O

Remark 2.16. K,, W,, and Fn,m has no independent pitchfork domination.

3. An Annihilator Pitchfork Domination

In this section, an annihilator pitchfork domination and its inverse domination are introduced.
Their bounds and properties are putted and discussed on some standard graphs.

Definition 3.1. A subset D C V(G) is an annihilator pds in G = (V, E) if, D is a pds of G and G|V — D]
has no edges. A set D is a minimal annihilator pds if it has no annihilator pds as a subset.

Definition 3.2. The minimum annihilator pds D denoted by vy, —set, is the smallest minimal annihilator
pds in G. The annihilator pitchfork domination number vy, (G), is the order of the Vpf—Set.

Definition 3.3. Let G = (V,E) be a graph with YVpr—set D. A subset D™' C V — D is an inverse
annihilator pds, if D' is pds of G and G[V — D~!] has no edges. D™1 is a minimal inverse annihilator
pds, if it has no inverse annihilator pds as a subset.

Definition 3.4. The minimum inverse annihilator pds D™, denoted by ’y;fa—set s the smallest minimal
inverse annihilator pds of G. The inverse annihilator pitchfork domination number ’y;]?(G), is the order
of the ’y;fa—set,

Example 3.5. In the cycle graph Cy of a vertex set {vy, va, vs, va}, if D = {v1, v3} or {va, va}, then it
is an annihilator pitchfork dominating set. While if D = {v1, va}, {v1, va}, {v2, v3} or {vs, va}, then D
18 a pitchfork dominating set but not annihilator pitchfork dominating set.

Remark 3.6. Let D be a v, ;—set, and D! bea W;f“—set in G, then:
1. |[V(G)] > 2.
2. vyp(G) > 1.
3. deg(v) <2 for every v € D71

Proposition 3.7. Let G = (n,m) be a graph with Vpp—set D, if G has ’y;]?—set D' then D' =V —-D
and v+ (G) + 7, (G) = n.

Proof. Since D is a 7y, ;—set of G, then G[V — D] is a null graph. Thus, D~! =V — D by Theorem (1.3).
Hence, [D~!| = [V — D| = n —72,(G). O
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14 M. A. ABDLHUSEIN AND M. N. AL-HARERE

Theorem 3.8. Let G = (n,m) be a graph with an annihilator pds, then:

(@ + 55,6,

N =

Ypr(G) <m <

Proof. 1t D be a v;,— set in G, then:

Case 1: Let G[D] be a a null graph, where G[V — D] has no edges. Now, there is one edge from every
u€ D and V — D (at least). Thus, the number of edges between D and V — D is |D| = 7;;(G). Hence,
Yp f(G) <m.

Case 2: Let G[D] be a complete subgraph to be having maximum number of edges. Let m; be the
number of edges of G[D], then:

DD =1]  pe(pr =1
e 2 Q )

Now, there is two edges between every u € D and V — D (at most). Hence, the number of edges between
D and V — D equal 2|D| = 2v;:(G) = ma. Thus, the number of an edges in G is m = my + my =

575 (Var = 1)+ 295, Hence, m < (75, (G))* + 575, (G). O
Theorem 3.9. Let G = (n,m) be a graph with an inverse annihilator pitchfork domination, then:
Vpf (G) <m < 29,7(G).

Proof. Let D be a Vpg—set in G and let D=1 be a 'y;;’—set in G. Since G has an inverse annihilator
pitchfork domination, then D~! = V — D by Proposition (3.7). Also G[V — D] is a null graph by definition
of annihilator domination, then G[D~1] is a null graph. On other hand, since D! is a ’y;]?—set of G,
then G[D] is a null graph by definition of annihilator domination where D = V — D~!. Hence, the sizes
of G|D] and G|V — D] are zeros. Therefore, the upper and lower bounds are affected by only the number
of edges between D! and D. O

Remark 3.10. Let G = (n,m) be a graph having an annihilator pds, then:
YG) < 7pp(G) S 7pp(G) and v*(G) < 74(G).

Theorem 3.11. Let C,, be a cycle (n > 3), then:
1. Cy has an annihilator pitchfork domination for all n where 5 (Cp) = [5].

2. Cy, has an inverse annihilator pitchfork domination if and only if n is an even integer, where ’y;;(Cn) =
(51

3. ng(Cn) + ’y;fa(Cn) =n if and only if n is an even integer.

Proof. 1. Let us start from any vertex v; € C), to choose it in D and leave the next vertex and so on.
Then, D is a pds, where every u in it dominates exactly two vertices of V' — D, unless when n is an odd
integer, the vertices v; and v, dominate one vertex. So that, G[V — D] has no edges. Hence, D is a
vy p—set and 5 (Cr) = [5].

2. It is clear when n is an even integer, then, D! = V — D and Yof (Cn) = 7p¢(Cn) = [3] from
Proposition (3.7). But if n is an odd integer, then C), has no vy, —set since 7;,(Cy,) > 5 by Note (1).
3. By Proposition (3.7). O

Theorem 3.12. Let P, be a path (n > 2), then:
1. P, has an inverse annihilator pitchfork domination for alln where vy, (Pn) = | 5] and v, (Pa) = [5].
2. ng(Pn) + ’y;fa(Pn) =n if and only if n is an even integer.

Proof. 1. Suppose that D = {v;; iisanevenno.} and D! = {v;; iisanoddno.}. Then, D is pds where
every v in it dominates exactly two vertices of V' — D, unless when n is an even integer, the last vertex
v, dominates only v,—1. Also, G[V — D] has no edges. Hence, D is a v}, —set and 75 ;(P,) = [ 3]. Also
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SOME MODIFIED TYPES OF PITCHFORK DOMINATION AND ITS INVERSE 15

D! =V — D in which every vertex dominates one or two vertices and all vertices of D are non-adjacent
n

together. Hence, D1 is a v, —set and v, ¢ (Pn) = [5].
2. It is clear if n is an even integer, then P, has an inverse annihilator pitchfork domination. So we get

the result from Proposition (3.7) where |D| = [V — D| = 3. O

Theorem 3.13. Let W,, be the wheel graph of order n+ 1 (n > 3), then:
1. Wy, has an annihilator pitchfork domination if and only if n < 6 where:

o | 3, ifn=3
’fo(W”)_{ n—1, ifn=4,5,6

2. Wy, has no inverse annihilator pitchfork domination for all other values of n.

Proof. 1. Since v,,41 is adjacent with all other vertices. Therefore, if v, 11 € V — D, then G[V — D] has
edges which is contradict our domination definition. Hence, v,,4+1 € D. So D must be containing all the
vertices unless one or two non-adjacent vertices. Therefore, if n = 3, 4, 5. Assume that D contains vy,
and leave viy1 and so on for any 1 < k < n. If n =6 , D contains vg, vp+1 and leave viio and so on.
Then, D is pds where every ¢ in it dominates two or one vertices from V — D with G[V — D] has no
edges. Hence, D is a ’ygf—set with order 3 for n = 3, 4 and order n — 1 for n = 5, 6.

2. Since vy (Wy) > 241 then W, has no inverse annihilator pitchfork domination by Note (1). O

Theorem 3.14. Let K, ,, be the complete bipartite graph, then:
1. Ky m has an annihilator pitchfork domination if and only if n < 2 such that:

. [ dfn=1am=2

2. K, m has an inverse annihilator pitchfork domination if and only if K, = K12 V Ko where
Vpf Knm) = 2.
3 Vpr(Knm) + 7,7 (Kpm) = n+m if and only if Knm = K12 V K.

Proof. 1. If n < 2 the proof is clear. Now since the induced subgraph G[V — D] of any pitchfork
dominating set in K, ,,, has an edges for n > 3 because it has vertices from the two sets of the graph.
Hence, K,, » has no annihilator pitchfork domination.

2. Since Vor (Knm) > "';m for m > 2, then K, ,,, has no inverse annihilator pitchfork domination by
Note (1).

3. By Proposition (3.7). O

Remark 3.15. The complete graph K,, has no annihilator pitchfork domination.
Theorem 3.16. Let C), be a cycle (n > 4). Then:

1. 43;(Ch) = = 2. B
2. Cy has an inverse annihilator pitchfork domination if and only if n = 4 such that v, (Cs) = 2.

3. 1pi(Cn) + 7,7 (Crn) = n if and only if n = 4.

Proof. 1. Since deg(v) = n—3 for all v € V(C,,), then D must be containing all the vertices of C,, unless
two respective vertices. Therefore, D is a Yy —Set. Since all vertices in D dominate two or one vertices
with G[V — D] has no edges.

2. 1t is clear for n = 4. If n > 4, then C), has no annihilator pitchfork domination since v%:(Cy,) > % by
Note (1).

3. By Proposition 3.7. O

Proposition 3.17. Let P, be a path (n > 4), then:
143 (Py) =n -2, B
2. Py has an inverse annihilator pitchfork domination if and only if n = 4 such that v, (P1) = 2.

3. 4% (Po) + 7, f(Po) = n if and only if n = 4.
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Proof. Similar to proof of Theorem (3.16) where deg(v) =n — 2 for the two end vertices while deg(v) =
n — 3 for the others. O

Remark 3.18. K,, W,, and Fn,m has no annihilator pitchfork domination.

Theorem 3.19. Let G = Cy or Ko m (m > 3), then every annihilator pds in G is a minimal annihilator

pds.

Proof. Since G[D] is a null graph, then by condition 3 of Theorem (1.2), we get the result. O
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